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PREFACE 

The original version of this RAND Memorandum, RM-4317-NASA, derived 
statistical methods for estimating reliability under growth assumptions 

which merely require that changes made to the system being tested do not 

make it worse. This revised version of the Memorandum differs from the 

original, which it supersedes, in having an improved conservative lower 

confidence bound for system reliability (Sec. V herein and in the origi- 
nal), and in eliminating Sec. VI of the original, which contained some 
peripheral and erroneous material. 

While this Memorandum is addressed primarily to statisticians, it 

should also be of interest to test engineers and managers concerned with 

assessing a system's reliability. The investigation was undertaken as a 

part of the Apollo Contingency Planning Study, which RAND conducted for 
Headquarters, NASA, under Contract NASr-21(09); the additional work 

included in this revised version was done under Contract NASr-21(11). 

One of the authors, Richard E.  Barlow, is a consultantcto The RAND 

Corporation. 
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This s tudy  examines the  problem of  e s t ima t ing  t h e  r e l i a b i l i t y  o f  

a system t h a t  is undergoing development t e s t i n g .  I n  such a program, 

changes a r e  made t o  t h e  system from time t o  time i n  o r d e r  t o  i n c r e a s e  

i t s  r e l i a b i l i t y .  This  s tudy  assumes t h a t  t h e s e  changes a r e  a t  l eas t  

n o t  d e l e t e r i o u s ,  b u t ,  u n l i k e  some previous work i n  t h i s  area,  i t  does 

n o t  assume t h a t  system modif ica t ions  cause r e l i a b i l i t y  growth accord ing  

t o  a prescr ibed  func t iona l  form. The method descr ibed  h e r e i n  does ,  

however, r e q u i r e  t h a t  each f a i l u r e  be c l a s s i f i e d  e i t h e r  as inhe ren t  o r  as 

r e f l e c t i n g  a c o r r e c t a b l e  cause.  

The s tudy  proceeds on t h e  suppos i t i on  t h a t  t he  tes t  program i s  

conducted i n  K s t a g e s ,  wi th  similar items being  t e s t e d  w i t h i n  each 

s t age .  For each s t a g e ,  the  number of  i nhe ren t  f a i l u r e s ,  of a s s ignab le  

cause f a i l u r e s ,  and o f  successes  is recorded. It is  supposed t h a t  t h e  

p r o b a b i l i t y  of an  inherent  f a i l u r e ,  qo,  remains the  same throughout 

t h e  t e s t  program and t h a t  t h e  p r o b a b i l i t y  of an  a s s ignab le  cause 

f a i l u r e  i n  the  i - t h  s t a g e ,  qi ,  does not  i n c r e a s e  from s t a g e  t o  s t a g e  

o f  t e s t i n g .  This Memorandum obta ins  maximum l ike l ihood  es t imates  o f  

q 

and a l s o  ob ta ins  a conservat ive lower confidence bound f o r  1: the 

r e l i a b i l i t y  of  t h e  system i n  i t s  f i n a l  conf igu ra t ion  o f  t he  t e s t  program. 

Numerical examples t o  i l l u s t r a t e  t hese  methods a re  given. 

and of  t h e  q i ' s  sub jec t  t o  the  cond i t ion  t h a t  they be  non- increas ing ,  
0 

K' 
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I. INTRODUCTION 

* 

It i s  common p rac t i ce ,du r ing  t h e  development o f  a system, t o  make 

engineer ing  changes as  t h e  program develops.  These changes a r e  gen- 

e r a l l y  made i n  o r d e r  t o  c o r r e c t  des ign  d e f i c i e n c i e s  and ,  thereby ,  t o  

inc rease  r e l i a b i l i t y .  This  e l imina t ion  o f  des ign  weaknesses is what 

w e  mean by r e l i a b i l i t y  growth. 

The concept of  r e l i a b i l i t y  growth has  been d iscussed  by s e v e r a l  

au tho r s .  We mention some s t u d i e s  wi th  which w e  a r e  f a m i l i a r .  

Lloyd and Lipow i n  Chapter 11 of  t h e i r  book [I] give  a model i n  

which a system has only one f a i l u r e  mode; i f  t h e  system ope ra t e s  suc- 

c e s s f u l l y  a t  a t r i a l ,  no redesign a c t i o n  is taken p r i o r  t o  t h e  next  

t r i a l .  I f  i t  f a i l s  a t  a t r i a l ,  t he  des igners  a t tempt  a mod i f i ca t ion  

which has  a given p r o b a b i l i t y  of be ing  success fu l .  This  model leads 

t o  a n  exponent ia l  growth model of t h e  form. 

-C (n- 1) R = 1 - A e  n 9 

i n  which R i s  the  r e l i a b i l i t y  of t he  system a t  the  n- th  t r i a l  and A 

and C a r e  parameters t o  be est imated.  Lloyd and Lipow a l s o  cons ider  

a s i t u a t i o n  i n  which a t es t  program i s  conducted i n  N s t a g e s ,  each 

s t a g e  c o n s i s t i n g  o f  a c e r t a i n  number o f  t r i a l s  of  t he  i t e m  under t es t .  

All tests i n  a given s t a g e  of t e s t i n g  involve s i m i l a r  i t e m s .  The re- 

s u l t s  of  each s t a g e  of t e s t i n g  a r e  used t o  improve t h e  i t e m  f o r  f u r -  

t h e r  t e s t i n g  i n  the  next s tage .  

growth func t ion  o f  t he  form 

n 

They impose on t h e  d a t a  a r e l i a b i l i t y  
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where % is t h e  r e l i a b i l i t y  dur ing  t h e  k- th  s t a g e  of  t e s t i n g ,  and R, 

( t h e  "ult imate" r e l i a b i l i t y )  and CY a re  parameters. 

g ive  maximum l ike l ihood  and least  squares  estimates of R, and (Y and a 

lower confidence l i m i t  f o r  \. 
t h a t  r e l i a b i l i t y  growth models might take .  

Lloyd and Lipow 

F i n a l l y ,  they suggest  some o t h e r  forms 

Wolman [23 cons iders  a model i n  which a d i s t i n c t i o n  is  made 

between inherent  (random) f a i l u r e s  and a s s ignab le  cause f a i l u r e s .  He  

supposes tha t  t h e  number of  des ign  weaknesses ( t h e  source  of  a s s ign -  

a b l e  cause f a i l u r e s )  i s  known and t h a t  they a l l  have t h e  s a m e  prob- 

a b i l i t y  of causing a f a i l u r e  on a p a r t i c u l a r  t r i a l .  Fu r the r ,  once a 

design weakness is observed,  i t  is  e l imina ted  and w i l l  never a g a i n  

cause a system f a i l u r e .  Wolman is  i n t e r e s t e d  i n  c a l c u l a t i n g  quan- 

t i t i e s  such a s  the  p r o b a b i l i t y  of e l imina t ing  a l l  design weaknesses 

in  n t r i a l s  (assuming as known t h e  p r o b a b i l i t i e s  of t h e  two kinds of  

f a i l u r e )  -- not i n  e s t ima t ing  the  parameters of  h i s  model. That i s ,  

h i s  i s  a p r o b a b i l i s t i c  model. (A s t a t i s t i c a l  model i s  d iscussed  below.) 

Madansky and Pe isakoff  [3] have examined some da ta  from Thor and At l a s  

Missile f l i g h t s .  They, too,  d i s t i ngu i shed  between inherent  and a s s ign -  

a b l e  cause f a i l u r e s  and batched toge the r  d a t a  from comparable tes t  

u n i t s ,  bu t  made no e x p l i c i t  use  of  any s t a t i s t i c a l  model. 

H. K. Weiss [ 4 ]  has considered r e l i a b i l i t y  growth as  a process  

by which the mean time t o  f a i l u r e  o f  a system wi th  exponent ia l  f a i l u r e  

d i s t r i b u t i o n  i s  increased by removing f a i l u r e  causes  dur ing  a develop- 

men t pro gram. 

Two r e l a t e d  papers which have appeared r e c e n t l y  a r e  by Bresenham [ 5 1  

and Corcoran, Weingarten, and Zehna [63. 
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11. A TRINOMIAL MODEL FOR RELIABILITY GROWTH 

We propose t h e  fol lowing model f o r  a development program exper i -  

enc ing  r e l i a b i l i t y  growth. The t e s t  program is conducted i n  K s t ages .  

A t  each s t a g e  of experimentat ion,  tests a r e  run on s imi l a r  i tems. The 

r e s u l t s  of each s t a g e  of t e s t i n g  a r e  used t o  improve the  item f o r  

f u r t h e r  t e s t i n g  i n  the  next s t age .  We record f o r  t he  i - t h  s t a g e  t h e  

number, a 

f a i l u r e s ,  and t h e  number, c of successes .  The p r o b a b i l i t y  of  an  

inherent  f a i l u r e  , 

s t a g e  t o  s t a g e  of  t e s t i n g .  The p r o b a b i l i t y  of  an a s s ignab le  cause 

f a i l u r e  i n  t h e  i - t h  s t a g e  is  q Each t r i a l  r e s u l t s  i n  e x a c t l y  one o f  

t he  outcomes: success  , inherent  f a i l u r e ,  o r  a s s ignab le  cause f a i l u r e .  

We assume t h a t  t he  sequence o f  the  q ' s  is non-increasing.  This  means 

t h a t  changes made between s t ages  of t e s t i n g  a r e  no t  harmful t o  t h e  

system. The p r o b a b i l i t y  of success o r  t he  r e l i a b i l i t y  i n  the  i - t h  s t a g e  

i s ,  of  course ,  r = 1 - 
the  r ' s  i nc rease  from s t a g e  t o  s t age .  This i s  accomplished by a 

decrease  i n  the  q I s  which must be brought about by a p p r o p r i a t e  

engineer ing modi f ica t ions  of  t he  system. We w i l l  o b t a i n  maximum l i k e -  

l ihood e s t ima tes  of  q o ,  and the q i l s  under t h e  r e s t r i c t i o n  t h a t  they 

a r e  non-increasing,  and a conserva t ive  lower confidence i n t e r v a l  f o r  

r the  r e l i a b i l i t y  of the systen i n  i t s  f i n a l  conf igu ra t ion  of  t he  

* 
of inherent  f a i l u r e s ,  t h e  number, bi ,  of a s s ignab le  cause 

i' ** 
i' 

i s  assumed t o  be cons tan t  and n o t  t o  change from 40 , 

i' 

i 

qi.  By " r e l i a b i l i t y  growth" we mean t h a t  qo - i 

i 

i 

K '  

t e s t  program. 

* 
F a i l u r e s  t h a t  r e f l e c t  the s t a t e - o f - t h e - a r t  

would r e q u i r e  an  advancment  the reo f .  ** 
Those which can be cor rec ted  by equipment 

f i c a  t ions . 

and whose e l  imina t ion 

o r  o p e r a t i o n a l  modi- 
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It i s  worth remarking t h a t  t h e  number of s t a g e s ,  K, and t h e  number 

of  t r i a l s ,  a 

they may be random v a r i a b l e s .  Whichever t h e  c a s e ,  i t  w i l l  no t  a l t e r  

t h e  l i ke l ihood  func t ion  corresponding t o  t h e  experimental  outcome on 

+ bi + ci, i n  t h e  i - t h  s t a g e  may be f ixed  i n  advance o r  i 

which ou r  es t imat ion  procedure is based. 

L e t  us compare ou r  model wi th  some o f  t h e  o t h e r s  mentioned i n  

t h e  "Introduct ion."  It sha res  wi th  t h e  work o f  Weiss, Madansky and 

P e i s a k o f f ,  and Wolman t h e  p rope r ty  that two types o f  f a i l u r e s  ( i n h e r e n t  

and a s s ignab le  cause)  are d i s t i n g u i s h e d .  

suppose i n  our  model t h a t  t h e  number of  a s s i g n a b l e  cause f a i l u r e s  i s  

known i n  advance o r  t h a t  each has t h e  s a m e  p r o b a b i l i t y  o f  caus ing  a 

f a i l u r e .  L i k e  Lloyd and Lipow ( i n  t h e i r  model l e a d i n g  t o  our  Eq. (2)) 

and Madansky and P e i s a k o f f ,  w e  cons ide r  t h a t  tes t  d a t a  are batched 

acco rd ing  t o  stages o f  sampling o f  homogeneous test i t e m s .  Unlike 

Lloyd and Lipow, ( i . e . ,  Eq. ( 2 ) )  we  do not  impose an  a r b i t r a r y  growth 

p a t t e r n  on our t e s t  r e s u l t s .  

* 
Unlike Wolman, w e  do not  

* 
We w i l l  demonstrate  t h e  importance o f  t h i s  f e a t u r e  la ter  by 

c o n s t r u c t i n g  a s i t u a t i o n  where, without  t h i s  d i s t i n c t i o n ,  a nonsens ica l  
r e s u l t  o b t a i n s .  
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111. THE LIKELIHOOD FUNCTION AND THE MAXIMUM 
LIKELIHOOD ESTIMATES 

The l ike l ihood  func t ion  corresponding t o  a inherent  f a i l u r e s ,  i 

b a s s ignab le  cause f a i l u r e s ,  and c successes  i n  stage i, i = 1, ... , K 

i s  

i i 

Upon d i f f e r e n t i a t i n g  t h e  l o g  l i ke l ihood  wi th  r e spec t  t o  q and q and 

s e t t i n g  the  d e r i v a t i v e s  equal t o  ze ro ,  we f i n d  f o r  t h e  maximum l i k e -  

1 ihood es t h a  tes 

0 i 

and 

/ ii (1 - io) bi (bi  + ci)  , i = l , . .  . ,K . 

Equations ( 5 )  a r e  the  maximum l ike l ihood  es t imates  of  t he  q ‘ s  i 

i n  general .  We want to obta in  maximum l ike l ihood  e s t ima tes  o f  the  

q i  ‘ 
to our  assumption t h a t  r e l i a b i l i t y  does not  decrease from s t a g e  to 

s t age  o f  t e s t i n g .  Adapting a r e s u l t  o f  Ayer, e t  a l .  

u s  these.  Let  4 
es t imates  o f  q 

s s u b j e c t  to the condi t ion q 1  2 q2 2 . . . 2 qK. This corresponds 

[ 7 ]  w i l l  g ive  

- . . . , denote the maximum l ike l ihood  I ’  4 2 ’  K 

q 2 ,  . . . , qK sub jec t  to the 
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h 

2 q2 2 ... 2 k. I f  t1 2 t2 2 ... 2 &, then  Gi = qi,  1 cond i t ion  q 

i = 1, ..., K. 

t he  observa t ions  i n  t h e  j - t h  and ( j  + 1)-st s t a g e s  and compute the  

I f  ij < Gj+l f o r  some j ( j= l ,  ..., K - 1 ) ,  then  combine 

m a x i m u m  l ike l ihood estimates o f  t h e  q Is by Eq. (5) f o r  t h e  K - 1  s t a g e s  

thus formed. This procedure i s  continued u n t i l  the  estimates of t h e  

i 

q ' s  form a non-increasing sequence. These estimates are  t h e  maximum i 

l ike l ihood  es t imates  of  the  q i ' s  s u b j e c t  to q 

e x p l i c i t  expression can a l s o  be given f o r  q i ,  i . e . ,  

2 q2 2 ... 2 qK. An 

- 

- br + ... + bs 
br + cr + ... + bs + cs qi = max min - (1 - to) 

sri rSi 

(See [7 ] ) .  We w i l l  i l l u s t r a t e  t h i s  procedure i n  Sec. I V ,  but  f i r s t  w e  

j u s t i f y  i t s  v a l i d i t y .  

F i x  q and rewrite t h e  l i ke l ihood  Eq. (3) as. 
0 

L e t t i n g  pi = qi/(l-qo) so t h a t  p 2 p2 2 ... 2 pK, n o t i n g  t h a t  

E[O,11 s i n c e  q €LO,  l-g], and t h a t  t h e  maximization of  L wi th  
p i  i 

r e spec t  t o  the qi does not involve the  term i n  square  b racke t s  i n  

Eq. ( 6 ) ,  w e  f ind  t h a t  w e  are  i n  p r e c i s e l y  t h e  s i t u a t i o n  d iscussed  by 

Ayer, e t  a l .  [TI. 
p i t s  s u b j e c t  t o  t h e  c o n s t r a i n t  p 

l i k e l i h o o d  estimate of  pi i s  (1-Q,) t i m e s  ou r  maximum l ike l ihood  

estimate o f  q 

estimate, Eq. (4), f o r  Q, and are  l e d  t o  t h e  maximum l i k e l i h o o d  es t i -  

mates f o r  the  q 's given in  t h e  preceding paragraph. 

They f i n d  t h e  maximum l i k e l i h o o d  estimates f o r  t h e  

Thus, their  maximum 2 p2 2 . .  .rpK. 

Maximizing on qo w e  o b t a i n  t h e  maximum l i k e l i h o o d  i' 

i 
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The maximum l ike l ihood  es t imate  f o r  system r e l i a b i l i t y  a t  the 

i - t h  s t a g e  is 

A A A r i = 1 - q i - q o .  

Note that a s s ignab le  cause f a i l u r e s  may "mask" inhe ren t  f a i l u r e s  and 

vice ve r sa .  For example, i f  a l l  f a i l u r e s  i n  every s t a g e  w e r e  a s s ignab le  

cause f a i l u r e s ,  then a, = 0. 

i nhe ren t  r e l i a b i l i t y  is very high s i n c e  e l imina t ion  of  a s s ignab le  cause 

f a i l u r e s  could subsequently lead t o  a h igh  percentage of  Lnherent 

f a i l u r e s .  

This need not mean, however, t h a t  t h e  

For t h i s  reason r̂ is  perhaps the  only  estimate to be " t rus ted ."  i 
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IV. AN EXAMPLE 

Suppose t h a t  a development t e s t i n g  program y ie lded  t h e  r e s u l t s  

shown i n  Table 1. 

Table 1 

Stage 

i 

nherent 
' a i  1 ur  es 

a i 

Lssignable 
Cause Successes I F a i l u r e s  

C 
bi I i 

Tota l s  1 0  9 35 

~~~ ~ 

T r i a l s  

a + bi + ci i 

1 
1 
1 
3 
5 
1 
1 
4 

37 

~ 

bi 

i b + C  i 

1 
1 
1 

112 
1 /5 
1 
1 

114 
1 I 2 8  

. 

54 - -  

Each s t a g e  of sampling, except t he  l a s t ,  was terminated when a n  

a s s i g n a b l e  cause f a i l u r e  occurred .  A re-design e f f o r t  was undertaken 

t o  e l imina te  the  cause of  f a i l u r e ,  so t h a t  t h e  t e s t  u n i t s  i n  the  suc- 

ceeding s t a g e  were d i f f e r e n t  from t h e  e a r l i e r  u n i t s  but  homogeneous 

i n  any given s tage .  We remark t h a t  t h i s  i s  the  d e f i n i n g  proper ty  o f  

a s t a g e ,  namely the homogeneity of a l l  t e s t  u n i t s  t h e r e i n .  

Note f i r s t  t h a t  6 = 1 0 / 5 4  = ,1852.  To cons t ruc t  the maximum 
0 

l i ke l ihood  est imates  f o r  t he  q ' s  s u b j e c t  t o  the  condi t fon  t h a t  they 

b e  non-increasing,  we must combine s t ages  where t h e r e  is  a r e v e r s a l  

i 
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of  nonincreasingness  of the r a t i o s  b . / ( b .  + ci) u n t i l  w e  g e t  a non- 

inc reas ing  sequence. I t  s u f f i c e s  to look a t  these  r a t i o s  s i n c e  the 

1 1  

estimate of 4, does not  depend on the grouping of  the da ta  in to  s t ages .  

Table 2 i n d i c a t e s  how t h i s  grouping is  done. 

Table 2 

Observe t h a t  

b5 < b6 Y 

6 b + c 5  b 6 + c  5 

so t h a t  w e  combined s t a g e s  5 and 6. 

t he  r a t i o s  f o r  t h e  new f i f t h  s t a g e  and t h e  new s i x t h  s t a g e  ( t h e  o r i g i n a l  

seventh s t a g e )  so we next combine those  s t ages .  

a l l  reversals and o b t a i n  as maximum l ike l ihood  estimates 4 

There i s  y e t  a r e v e r s a l  between 

We now have e l imina ted  

o f  t h e  q ' s  i i 

sub jec t  t o  q1 2 q2 2 ... 2 % , 
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- - - 
41 = 42 - - 43 = 22/27 = ,8148, 
- 

= 11/27 = .4074, 44 
- 

45 - - 46 = - 47 = 22/63 = .3492, 

- 
= 11/54 = .2037, and 

= 111378 = .0291 . 
qt3 

49 
- 

Thus the  maximum l i k e l i h o o d  est imate  f o r  r the  r e l i a b i l i t y  o f  9’ 

t h e  system i n  i t s  f i n a l  t e s t  c o n f i g u r a t i o n ,  i s  

- - 
r = 1 - Go - q9 = .7857 . 9 

I f  no assumption o f  r e l i a b i l i t y  growth were made -- t h a t  i s ,  i f  a l l  

t e s t  u n i t s  were ( i n c o r r e c t l y )  supposed t o  be  homogeneous and i f  no 

d i s t i n c t i o n  were made between inherent  and a s s i g n a b l e  cause f a i l u r e s  - -  

t h e  e s t i m a t e  of r e l i a b i l i t y  would be  

9 = c i / x ( a i  + bi + c i )  = 35/54 = .6481 . 
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V. A CONSERVATIVE LOWER CONFIDENCE BOUND FOR SYSTEM RELIABILITY 

I n  t h i s  s e c t i o n  we do n o t  need to d i s t i n g u i s h  between inherent  and 

a s s ignab le  cause f a i l u r e s .  W e  cons ider ,  as be fo re ,  a model i n  which the  

r e l i a b i l i t y  ( p r o b a b i l i t y  of success) 

o f  t e s t i n g ;  t h a t  i s ,  r l  5; r2 5 ... < 
a l O O ( l - c y )  p e r  cen t  lower confidence 

system i n  i t s  f i n a l  conf igura t ion  of  

We w i l l  show t h a t  the  procedure 

does n o t  decrease from s t a g e  t o  s t a g e  

r We seek a procedure f o r  ob ta in ing  

bound on r the r e l i a b i l i t y  o f  the 

the tes t  program. 

i s  to t rea t  the  da t a  as though they 

K' 

K '  

were homogeneous, t h a t  i s ,  as i f  no r e l i a b i l i t y  growth were tak ing  p l a c e ,  

and u s e  the s tandard  technique to o b t a i n  a one-sided lower confidence l i m i t  

on a binomial parameter having observed s successes  i n  n t r i a l s .  

E x p l i c i t l y ,  having observed s successes  i n  n t r ia ls ,  a lOO(1-a) p e r  

c e n t  one-sided lower confidence l i m i t ,  pL, f o r  the binomial parameter p 

is  the  s o l u t i o n  o f  the equat ion 

(7) 2 (7) p j ( l - p ) n - j  = (y , 
j=s 

Equivalent ly  p i s  the  so lu t ion  of  L 

i f  s 2 1. I f  s = 0 ,  pL i s  customarily taken to be zero f o r  each a. 
Returning t o  the  problem a t  hand, i f  c successes  a r e  observed i n  i 

n t r ia ls  i n  s t a g e  i (i = 1, .. . , K) , and w r i t i n g  i 

s =  f c i  and n = 
1 1 

then i f  u 2 1 , s i m p l e  cons idera t ions  o f  s t o c h a s t i c  comparabi l i ty  y i e l d  

T 
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( 9 )  P[S s u - l l r l  5 ... s r = r*] ~ P [ S  s u - l l r l  = ... = r = r*] = K K 

Define u ( r )  as the  smallest u s a t i s f y i n g  

0 
and de f ine  r a s  the l a r g e s t  r such t h a t  

(11) u ( r )  - 1 = S . 

Now w e  have 

s i n c e  u ( r )  increases  wi th  r.  Using equat ions (9) and (12) and the 

d e f i n i t i o n  o f  u ( r ) ,  w e  conclude 

Thus, to ob ta in  a lOO(1-a) p e r  c e n t  lower confidence bound on rK 

having observed c successes  i n  n t r i a l s  i n  s t a g e  i (i = I ,  . .. , K) , 
w e  s e t  S = fs c 

i K  i 
n = C n and f i n d  r the l a r g e s t  r such t h a t  i 0’ 1 i ’  1 
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and then claim t h a t  ro is a lOO(1-a) pe r  c e n t  lower confidence bound on 

r i n  accordance w i t h  Equation (13). K 
This lower confidence bound on r is  the b e s t  t h a t  can be achieved K 

under ou r  assumptions,  s i n c e  equa l i ty  w i l l  be a t t a i n e d  i n  inequa l i ty  (9) 

when a l l  the  r i ' s  are equal ;  t h a t  i s ,  when the re  is no r e l i a b i l i t y  growth 

p r e sen t  . 
Example: I n  the development t e s t i n g  program c i t e d  i n  Sec. IVY 35 successes  

were observed i n  54 t r ia l s  i n  nine s t ages  of  t e s t i n g .  

t a b l e s ,  we f i n d  t h a t  ro = .53 a t  the 95 p e r  c e n t  confidence l e v e l .  

i s ,  w e  are 95 p e r  c e n t  confident  t h a t  r 2 .53. This i s  a conserva t ive  

s ta tement  as w e  noted ear l ie r .  It  i s ,  i n  f a c t ,  the  same estimate w e  

- 

Using binomial 

That 

9 

- 1 = '2 - ... K' 

Note t h a t  i f  one looks a t  only the r e s u l t s  of  s t a g e  9 ,  s tandard  

methods y i e l d ,  f o r  27 successes  in 37 t r ia l s ,  a lower 95% confidence 

1 i m i . t  o f  .58 f o r  the r e l i a b i l i t y  i n  s t a g e  9.  This merely shows t h a t  i f  

enough da ta  a re  a v a i l a b l e  from the last s t a g e ,  the  s tandard  binomial 

approach may be pre fe r r ed .  Our method, however, enables  one to  use  the  

da t a  from s t ages .  

could o b t a i n  assuming no r e l i a b i l i t y  growth; i .e .  , r 
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V I .  BINOMIAL VERSUS TRINOMIAL MODELS 

I n  t h i s  s e c t i o n  w e  c o n s t r u c t  an  example t o  show t h a t  i t  would not  

s u f f i c e  to  consider  a binomial model f o r  r e l i a b i l i t y  growth u s i n g  t h e  

maximum l ike l ihood approach o f  Sec. 111. We do t h i s  by e x h i b i t i n g  

a n  experimental outcome i n  which t h e  maximum l i k e l i h o o d  es t imate  f o r  

r under a binomial model is  nonsensical  while  t h e  corresponding e s t i -  

mate under our t r inomia l  model is eminently reasonable .  

n 

Suppose w e  consider  a binomial model i n  which w e  make no d i s t i n c -  

t i o n  between inherent  and a s s i g n a b l e  cause f a i l u r e s .  Denote the  prob- 

a b i l i t y  of success a t  t r i a l  i by r and assume as b e f o r e  t h a t  

r l  5 r 

r i s  0 o r  1,  accord ing  a s  f a i l u r e  o r  success  i s  observed a t  t r i a l  i. 

To o b t a i n  the  maximum l i k e l i h o o d  es t imates  o f  t h e  r ' s  under t h e  re- 

s t r i c t i o n  r 

e t  a l .  [ 7 ] ,  which w e  used i n  Sec. 111. However, i f  t h e  n - t h  t r i a l  

r e s u l t s  i n  a success ,  t h e  maximum l ike l ihood e s t i m a t e  o f  r w i l l  be 

u n i t y  - -  independent o f  what t ranspi red  on e a r l i e r  t r i a l s .  I n  

p a r t i c u l a r ,  t h i s  would be t h e  maximum l i k e l i h o o d  e s t i m a t e  o f  r even 

i f  a l l  t r i a l s  p r i o r  to  t h e  n - t h  had been f a i l u r e s .  On t h e  o t h e r  hand, 

i 

5 ... 5 r . The u n r e s t r i c t e d  maximum l i k e l i h o o d  es t imate  of  2 n 

i 

i 

r2 5 . . . 5 r one invokes t h e  procedures o f  Ayer, 1 n '  

-- 

n 

n 

i f  t h e  n - t h  t r i a l  were a s u c c e s s ,  our  t r inomia l  model would give a s  

t he  maximum l ikel ihood es t imate  f o r  r the propor t ion  o f  successes  
n 

observed i n  the n t r i a l s  when a l l  recorded f a i l u r e s  a re  inherent  f a i l u r e s .  
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VII. A TREND TEST FOR RELIABILITY GROWTH 

In t h e  foregoing w e  have assumed t h a t  the  p r o b a b i l i t y  of  a n  

a s s ignab le  cause f a i l u r e  does not i nc rease  dur ing  the  development 

t e s t i n g  program. We f e e l  t h a t  t he  v a l i d i t y  of  t h i s  hypothes is  would 

be determined on t h e  b a s i s  of  engineer ing knowledge. However, w e  pro- 

pose a test f o r  r e l i a b i l i t y  growth; t h a t  i s ,  f o r  non-increasingness  of 

t h e  q I s .  i 

Mann [8] has given two t e s t s  aga ins t  downward t rend and provided 

t a b l e s  f o r  t h e i r  use.  

i n  t h a t  order .  The n u l l  hypothesis  is t h a t  t h e  X ' s  a r e  randomly 

arranged.  The a l t e r n a t i v e  hypothesis  i s  t h a t  X has  continuous cumula- 

t i v e  d i s t r i b u t i o n  func t ion  F 

t ,  and every k > 0; t h a t  i s ,  t he  sequence of t he  X i ' s  i s  s t o c h a s t i c a l l y  

decreasing.  

a gains  t downward t rend .  

n S p e c i f i c a l l y ,  w e  a re  given da ta  X 1' X*' . * . 9  x 

i 

wi th  F . ( t )  < Fi*(t) f o r  every i ,  every i' 1 

To tes t  a g a i n s t  upward t rend ,  merely test -X1, -X2,  . . . , -X n 

Suppose each s t a g e  of  t e s t i n g  is terminated when an  a s s ignab le  

cause f a i l u r e  occurs .  We i d e n t i f y  X. wi th  t h e  number of  t r ia l s  s i n c e  

t h e  l a s t  a s s ignab le  cause f a i l u r e .  

b i l i t y  growth is  tak ing  p lace .  Note, however, t h a t  he re  w e  a r e  d e a l i n g  

wi th  a d i s c r e t e  random va r i ab le  so  t h a t  t h e  c . d . f .  w i l l  n o t  be con- 

t inuous .  

random v a r i a b l e  t o  each o f  t he  random v a r i a b l e s  suggested above without 

changing the  appropr i a t e  p r o b a b i l i t i e s  under t h e  n u l l  hypothes is .  

can then apply  one of  the  Mann procedures t o  t h i s  new random va r i ab le .  

1 

The X.'s should inc rease  i f  r e l i a -  
1 

We can circumvent t h i s  problem by adding a uniform [ O , l ]  

We 
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